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LET u be a unipotent element in a connected reductive algebraic group G defined over an 
algebraically closed field k. I prove that all components of the variety 6% of all Bore1 subgroups 
of G containing u have the same dimension. For GL,, this has already been proved ([l] and [2] 
‘independently). 
Let C be the class of u. Fix a Bore1 subgroup B. Let U be the maximal unipotent subgroup of 
B. Let C,, Cz, . . ., C, be the irreducible components of C rl U. Let S be the set of irreducible 
components of % We write these components as (Xo)oES. Z = ZG(u) acts on 53” by conjugation, 
and therefore A = Z/z” acts on S. 
We look first at the relations between % and C n U. 
Consider the maps 7~~: G + C, g -+g-‘ug, and 7rz: G + 9, g -*“B. Define Y = ~T,-‘(C II U) = 
7r,-‘(%). For 1~ i s n and for (T E S, Yi = r,-‘(C) and Y, = nz-‘(X,) are closed in Y, ZYiB = Yi 
and ZOY,B = Y,. Also Y = ; Y, = U Y,. For any u E S, Y, is irreducible since X, and B are 
i=l 0E.5 
so, and Y,E U Y,. It follows that ( Y_)ocs is the family of irreducible components of Y. Suppose 
IfO 
that 7~,( Y_) C Ci. Then Y, is an irreducible component of Yi. For some T E S, r,(Y,) = Ci since 7~~ 
is open. Hence Yi = ZY, and therefore the components of Yi are the Y,,‘s (a E A). In particular 
V=~T for some SEA. 
We can therefore define a surjective application P: S-(1,. . ., n} by: n,(n2-‘(X0)) = C,(,,. 
Si = r-‘(i) (1 s i s n) is a single orbit for the action of A on S. 
Notice also that we can define in the same way a bijection between the set of Z-orbits in 9. 
and the set of B-orbits in C fi U. 
Suppose that (T E Si. Then dim Y, = dim Yi and therefore: 
dim X, + dim B = dim Ci t dim Z. (1) 
Since dim Z 2 r t 2 dim %, where r is the reductive rank of G ([2], p. 133), we get 
dim (C 0 V) s i dim C and dim (C n V) t dim 5% c dim V, with equalities iff dim Z = 
r t 2 dim 93,. It is known that the last equality holds at least if char(k) is large or 0 ([3]). 
Let now P be a parabolic subgroup of G of semisimple rank 1. The variety of all Bore1 
subgroups of P is isomorphic to a projective line and is contained in the variety of all Bore1 
subgroups of G. Any two points of 9” may be connected by a sequence of arcs of such lines 
contained in 9’. ([2], p. 132). 
THEOREM. All components of 2% have the same dimension. All components of C n U have the 
same dimension. 
Proof. Let X, (u E S) be a component of 1, of maximal dimension. We need only to prove 
that if the line L of all Bore1 subgroups of “P (where g E G and P 3 B is a parabolic subgroup of 
G of semisimple rank 1) is contained in % and intersects X,, then L is contained in a component 
of 3” of maximal dimension. 
Choose B’ E L n X,, and x E T,(T~-‘(B’)). Since L C SA., x is in the unipotent radical U, of P. 
The union of the Z-orbits of points of L corresponds to the P-orbit ‘x of x in Up C U. 
From (l), we need only to prove that “.v is contained in a component of C rl U of maximal 
dimension. Let D be an irreducible component of C, rl CJ,= containing .r. Without loss of 
generality, we may assume D# C;. As a variety, U is an affine space, and u, is a hypersurface in 
U. Therefore dim D = dim C, - 1. If ‘D = D, ‘x C C,. If ‘D# D, dim ‘D = dim C, and therefore 
the closure of ‘D in C n U is the required component. This proves the theorem. 
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Remark. For any x E G, all components of % = {B’E Q1.r E B’} have the same dimension 
and if C is the class of x in G, all components of C rl B have the same dimension. This 
generalization is easily deduced from the theorem. 
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